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EscolaPolitécnica,UniversidadedeSãoPaulo

SãoPaulo,SP
vitor@lps.usp.br�

This work wassupportedby FAPESPunderawardno. 2000/09569-6.

ABSTRACT

We study the behavior of the NLMS algorithm when the
“noise” (theoptimalestimationerror) ������� is uncorrelated,
but dependentof the regressorsequence	�
��� . This is the
mostgeneralsituationin applications,arising,for example,
whenlinearestimationis appliedto systemswith nonlinear-
ities.

We show that,unlike theLMS algorithm,NLMS com-
putesbiasedestimateseven if the step-size� is small and	 
� � is iid, but ������� is not independentof 
� . We provide
expressionsfor thebias,theMSD, andtheMSE,which are
alsovalid for thecaseof correlatedregressorsequences.

1. INTRODUCTION

In this paperwe analyzethe behavior of the normalized-
LMS (NLMS) algorithmin thegeneralcasewhereboththe
regressorandnoisesequencesarecorrelatedin time. Our
expressionshold evenwhenthenoiseandregressorarenot
independentonefrom the other. This includesthe caseof
non-Gaussianvariables,aswell asGaussianvariablesgoing
throughsomekindsof nonlinearities.In thissectionwepro-
vide a few motivatingexamples,andcompareour analysis
with previousresultsin theliterature.

1.1. Optimum linear estimation and the NLMS algo-
rithm

Given zero-mean,stationarysequences	�� ������� IR � (de-
siredsequence) and 	 
 � � IR� � (regressorsequence), the
optimumlinearestimatorof � ����� given 
�� (theWienerfil-
ter) is thesolutionof [3]���������! #"%$'&(*) IR +-, . � �����0/ �21 
�436587
Theoptimumestimationerror(noise) is�9�����;:� � �����0/ �21� 
0�<7

Fromtheorthogonalityprinciple of linearestimation,it re-
sultsthat , ������� 
� �>= (i.e., they areuncorrelated).There-
fore, it is commonin the adaptive filtering literatureto as-
sumethat 	 � ����� � and 	 
�� � arerelatedby a linear model� ����� �?� 1� 
�;@ ������� , with , ������� 
� �A= .If, in addition,all variablesareGaussian,it followsfrom
theorthogonalityprinciplethat ������� and 
� aretruly inde-
pendent.Given this propertyof Gaussianvariables,many
works alsoassumethat ������� and 
� areindependent(e.g.,
[2, 5]). Althoughthis lastassumptionmaybetruein some
settings,it doesnot hold in general. In fact, as we shall
show in anexamplefurtheron, ������� and 
� aredependent
if thereis anonlinearrelationbetween� ����� and 
� .

Whenthestatisticsof � ����� and 
� areknown, onemay
compute��� from [3]���6�CBEDGFIHKJ
where B :� , 
 � 
 1 � J H :� , � ����� 
 � 7
In practice,thecovariancematrix B andthecorrelationvec-
tor H areunknown,andoneusesaniterativealgorithmsuch
as the least meansquares(LMS) algorithm, normalized-
LMS (NLMS), or recursive leastsquaresalgorithm(RLS)
to find approximationsto ��� . It is well-known thatall these
algorithmscomputeunbiasedestimatesfor �-� if �9����� is in-
dependentof 
�� (evenif 	 
� � is acorrelatedsequence)[5].
More is known aboutLMS: it maybebiasedwhen 	 
 � � is
a correlatedsequenceand ������� is uncorrelated,but depen-
denton 
 � [7]. This bias,however, decreasesto zeroasthe
step-sizeparameter� of LMS decreasesto zero.Therefore,
for slow adaptation(small � ), LMS is approximatelyunbi-
ased.Oneof thegoalsof this paperis to show that,unlike
LMS, NLMS mayhave a nonzerobiasevenfor �MLON and
iid 	 
� � , if ������� is dependenton 
�� . We shallgive a sim-
ple exampleof this factbelow, andlaterproceedto find an
expressionfor thebiasandfor thesteady-statemean-square



error (MSE) andmean-squaredeviation (MSD) of NLMS
with correlatedinputsequences.

ThenormalizedLMS algorithm(NLMS) computeses-
timatesof theparametervector � � usingtherecursion[5]� �QP F ��� � @ �R @TSU
���S 5�V ����� 
 � J (1)

where

V �����;:� � �����0/ � 1 � 
� J
and R is a(usuallysmall)positiveconstant.For comparison,
theLMS algorithmusestherecursion� lms�QP F ��� lms� @W� V ����� 
� J
where we usedthe superscript“lms” to differentiatethe
weightestimatescomputedby NLMS andby LMS.

To seethat the NLMS recursionmay computebiased
estimates,considerthefollowing simpleexample:Assume
that X �ZY (i.e., all variablesarescalar),that the regres-
sor sequenceis composedof Gaussianvariableswith vari-
anceB[� , 
 5 � �\Y , andthat � ����� is obtainedby � ����� �]!�8^`_ 
 �8a , where]b�4^ �Icd� is a saturationfunction.1

Definetheweighterrorvector e� � :�C��� / � � , subtract��� from both sidesof (1) and take expectationson both
sidesto obtain(recallthat 	8f � � is iid)

, e� �QP F � . Y / � , . 
 5 �R @g
 5� 3*3 , e� � // � , . 
 �R @g
 5� ������� 3 7 (2)

We computedtheseexpectationsusing Matlab’s sym-

bolic toolbox, obtaining (for R �hY N D9i ), ,kjOl`mno P l m n<p �N�7 q�r Yts , and , j l no P l m n �9����� p � N�7 Y�Y�Yvu , concludingthat, in

steady-state,theaverageweighterrorwill be w $x" �Uy{z , e� � �/ _ N�7 q�r Y|s a D}F N�7 Y�Y�Yvu�� / N�7 Y�Y�~ q , which is independentof
thestep-size� . In Fig. 1 weplot theaverage e� � , computed
from � �>~ N�N simulationswith � � N�7 N Y .

LMS, ontheotherhand,is unbiased:w $'" �vy{z , e� lms� �B D}F , 
� ������� � N .Another situationin which the estimationerror is not
independentof theregressoris thefollowing: Assumethat

1The function ���b���'��� used in our simulationssaturatesat -2.8 for�W�#���|� � , and at +3 for �g���0� . For ���|� �-�A�g��� , ���b�!�'��� is
a polynomial suchthat ���b�������U���#���|� � , ���b�!�'�U����� , and ���b�!���U������b���������U�������b�����'�U����� (thesuperscript“ � ” standsfor derivative). Our
saturationfunctionmaybethoughtof asanapproximationfor theoutputof
anamplifierwhosepositive andnegativepowersupplyvoltagesarenotex-
actlyequal.Notethat,with theabove values,� �x���b�b�x���¢¡¤£-¥t� ¦Q§©¨{ª��|«¬
if �2®�¯{�'�|°!ª!� (i.e., Gaussianwith zeromeanandunit variance). This
meanvaluewassubtractedfrom thesamplesprior to theapplicationof the
adaptive algorithms.
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Figure1: , e� � for thesaturation examplewith � � N�7 N Y .
Averageof 500simulations.

� ����� canbedescribedby anMA model� ����� ��± D}F² ³x´}µ·¶ ³ R����·/¹¸I� @Wº ����� J
where» maybeinfinity, andthesequences	 º �����K� IR� �
and 	 R������¼� IR � are randomand mutually independent.
Then, if we form 
 1 � �¾½ o|¿ �QÀ o|¿ � DGF À�ÁdÁdÁ o|¿ � D � P F À�Â , whenXÄÃÅ» the estimationerror will not, in general,be inde-
pendentof 
� .
1.2. Equivalenceof LMS and NLMS for independent
noise

There are recentresultsstudying the behavior of NLMS
whenthesequence	�
��� is correlated,allowing in fact for
very generalcorrelationmodels(e.g., [2, 5]). However,
theseresultsassumethat 
0� is independentof ������� , anas-
sumptionthat is often not satisfiedin practiceif thereare
nonlinearitiesor unmodelleddynamicsinvolvedin therela-
tion between� ����� and 
� , asour examplesshow.

We now arguethatundertheaboveassumptionthenor-
malizedLMS algorithmis equivalentto theLMS algorithm
appliedto thebounded(“normalized”)sequence
 ¿xÆ À� :� 
�Ç R @ASU
�<S 5 J
andwith the equivalentdesiredsequence,noise,andesti-
mationerrors � ¿xÆ À ����� :� � �����Ç R @ASU
�<S 5 J� ¿xÆ À ����� :� �������Ç R @ASU
�<S 5 JV ¿xÆ À �����È:� � ¿xÆ À �����0/ � 1 � 
 ¿xÆ À� 7

If ������� and 
� areindependent,it followsthat, � ¿xÆ À ����� 
 ¿xÆ À� �A=GJ



i.e., the normalizednoiseand regressorare uncorrelated.
FromtheNLMS recursion,� ¿xÆ À ����� �#� 1� 
 ¿xÆ À� @ � ¿xÆ À ����� ,
andsince , � ¿xÆ À ����� 
 ¿xÆ À� �É= , the orthogonalityprinciple

impliesthat � 1 � 
 ¿xÆ À� is alsotheoptimumlinearestimatorof� ¿xÆ À ����� given 
 ¿xÆ À� .
In addition, if we rewrite the NLMS recursion(1) us-

ing the normalizedvariables,we obtain � �UP F �Ê� �Ë@�G
 ¿xÆ À� V ¿xÆ À ����� , which is the LMS recursionappliedto the
normalizedvariables.Thismeansthatthetheorydeveloped
to thestudyof the LMS algorithmwith boundedregressor
sequencesand correlatednoisecan be used,without any
modification,for theNLMS algorithm.Thischangeof vari-
ableswasusedbeforeto studytheNLMS algorithm[10, 1,
2,5], alwaysassumingindependenceof noiseandregressor.
Therefore,the cited works only considerthe NLMS algo-
rithm whenit is behavesin essentiallythesameasLMS. In
this paper, we studythebehavior of NLMS whenan exact
comparisonwith LMS is not possible.

2. NLMS WITH DEPENDENT NOISE

In thissectionweextendtheanalysisof NLMS to allow for
dependentnoiseandregressorsequences.Our analysisis
basedon modificationsof the averagingmethodused,for
example,in [7], anddescribedin [9].

2.1. Averaging results

Averagingmethodsprovideapowerfulmeansto analysethe
performanceandstability of adaptive algorithmsunderthe
assumptionof sufficiently smallstep-sizes.Therearemany
expositionson the subject(see,for example,[9, 4]). For
thisreason,weonly list hereto thestabilityandsteady-state
resultsthatareneededin our derivation(seealso[6]).

Consideranadaptiveupdate(errorequation)of thegen-
eralform e� �QP F � e� �*@W��Ì �ÎÍ � J e� � � J
where e� � is the error vector we want to minimize, and	 Í � � is a stochasticsequence.Now definethe averaged
function Ì oUÏ as Ì oQÏ ��� J e� � � , Ì �ÎÍ � J e� � J
where e� is consideredconstantfor thecomputationof the
expectedvalue.Definetheaveragedandthepartially aver-
agedsystems,e� oQÏ�QP F � e� oUÏ� @W��Ì oQÏ ��� J e� oQÏ� � Je�ËÐ oQÏ�QP F �O½ Ñ @W��ÒgÓ( Ì oQÏ � = � Â e�ËÐ oQÏ� @M� _ Ì ��� J9= �0/ Ì oQÏ ��� JÔ= � a J
where ÒgÓ( Ì oQÏ � = � denotesthe valueof the gradientof Ì oQÏ
(with respectto e� ) at theorigin.

Thefollowing result,provenin [9, Ch.9], shows thatif
the step-size� is sufficiently small, the original estimatese� � will remain close to the partially averagedestimatese�ÕÐ oQÏ� , and that the steady-statecovarianceof e� � will be
closeto thatof e�ÕÐ oUÏ� . Thetheoremassumesthat the 	 Í � �
satisfya uniform mixing property. Essentially, this condi-
tion saysthatthedependenceof Í ³ and Í`Ö diesoutas × ¸�/%Ø ×
increases(see[8]).

Lemma 1 (Averagingresult). Considertheerror equation
and its averaged and partially-averaged forms as defined
above, where thesequence	 Í � � is uniform-mixing(see[9,
p. 357]). Assumethat (i) theorigin, = , is an exponentially-
stableequilibriumpoint of theaveragedsystemwith decay
rate Ù � � � , (ii) thegradient ÒgÓ( Ì oQÏ ��� J e� � existsandis con-
tinuousat theorigin, and(iii) there existsconstantsÚ F andÚ 5 such that,for anyvectors Û and Ü , thefollowingLipschitz
conditionshold:ÝÝ Ì ��� J Û �0/ Ì ��� J Ü � ÝÝßÞ Ú F ÝÝ Û / Ü ÝÝ JSUÒ Ó( Ì ��� J Û �0/ Ò Ó( Ì ��� J Ü � S Þ Ú 5

ÝÝ Û / Ü ÝÝ 7
Under theseconditions, e� � obtainedfrom the original er-
ror equationsatisfiesw $'"à y µ ]!á�â�|ã µ Y� ,�ä ÝÝ e� � / e�ËÐ oQÏ� ÝÝ 5`å � N J and (3)

w $'"à y µ w $x"�Uy{z . Y� , e� � e� 1 � 3 � w $'"à y µ w $x"�Uy{z . Y� , e�æÐ oUÏ� e�æÐ oQÏ|ç 1� 3è7
(4)é

2.2. Averaginganalysisof NLMS – Overview

Our goal is to usethe above theoremto computethe MSE
( , V ����� 5 ) andtheweight-errorcovariancematrix( , e� � e� 1 � )
for smallstep-sizes� . In orderto useTheorem1, wemust:

1. Show that the theorem’s conditionsaresatisfiedfor
theproblemof interest;

2. Computethemeanandmean-squarebehavior of e�ËÐ oQÏ�
(thusobtaining,via Theorem1, thebehavior of , e� �and , e� �Èe� 1 � for small � );

3. The theoremdoesnot compare
 1 � e� � and 
 1 � e�ËÐ oQÏ� ,
thuswe mustprovethatêê , 
 1 � e� � / , 
 1 � e�ËÐ oQÏ� êê`ë N andêêê , _ 
 1 � e� � a 5 / , _ 
 1 � e�ÕÐ oUÏ� a 5 êêê ë N as � ë N�7



4. Studythemeanandmean-squarebehavior of 
 1 � e�ËÐ oQÏ�
(finding , V ����� and , V ����� 5 for small � );

A difficulty in task1 is that the NLMS averagederror
equation(seebelow) maynot have anequilibrium point at= when ������� is dependentof 
 � , contraryto oneassump-
tion of Theorem1. This canbe overcomeby a changeof
variablesì oUÏUí� :� e� oQÏUí� /¹î J and

ì � :� e� � /¹î J
whereî � / B ¿xÆ À DGF Ü J B ¿xÆ À :� . , 
 � 
 1 �R @>Sv
���S 5 3 J

and Ü :� , . ������� 
©�R @>Sv
;S 5 3 7
Defining also ï � :� / 
 ¿xÆ À� 
 ¿xÆ À 1� îð/k� ¿xÆ À ����� 
 ¿xÆ À� , the re-
cursionsfor

ì � andits partially-averagedform ñì � are,re-
spectively,ì �UP F � . Ñ / �G
 ¿xÆ À� 
 ¿xÆ À 1� 3 ì �*@W�Gï�� Jñì �UP F � _ Ñ / � B ¿xÆ À a ñì �È@W�Gïß�`7

Usingthischangeof variables,wecanshow thatThm.1
canbeappliedto theNLMS recursion,andprove thetheo-
rembelow.

Theorem1. If 	 
�� J ������� � is stationaryanduniform-mixing,
withmixingfunction ò � º � Ãkó Æ , with NËÃgó�Ã Y , theNLMS
weighterror e� � is such that

Averagevalue:

w $'"�UyEz , e� � L / B ¿xÆ À D}F , . ��� N � 
 µR @ASU
 µ S 5 3 J
MSD: w $'"�UyEz , ì 1 � ì �ßL?��ô J
where ô satisfiesB ¿xÆ À ô¼@gô B ¿xÆ À � z²Æ ´ D z , _ ï µ ï 1Æ a 7

In addition,if ]!á�â �|ã µ SU
���S�ÃCõ ,

MSE:� D}F!ö 5 w $'"�UyEz , V ����� à y
µ/÷/�/ ë Nw $x"�Uy{z , _ 
 1 � ì � a 5 LC�ßø � � B ù � J

where ù is thesolutiontoB ¿xÆ À ù @ ù�B ¿xÆ À � z²Æ ´ D z , _ ï Æ ï 1µ a�7
Matrix ù canbecomputedusingKronecker products.

Proof: Sincethe proof is quite long, we only provide
a brief outlineof it. To obtaintheabove results,onestarts
with thepartially-averagedNLMS recursion.Sincethis is a
linearrecursionon e�æÐ oQÏ� , it is possibleto write , e�ÕÐ oQÏ� asa
function of the initial condition, e�ËÐ oQÏµ (assumeddetermin-
istic).

To computethelimits as � ë N and � ë õ of theMSE
andMSD, we usethefact that thesequence	 
� J ������� � is
stationaryanduniform-mixing, andthusfor any functionsú}�Icd� and û �Icd� ,w $'"Æ y{z ,Õü ú}� 
 µ J ��� N �!�0c û � 
 Æ J �9� º ����ý �� , ú}� 
 µ J ��� N ���0c , û � 
 Æ J ��� º ��� �� , ú}� 
 µ J ��� N ���0c , û � 
 µ J ��� N ��� J
where the first equality follows from the uniform-mixing
condition,andthesecondfrom stationarity. With this con-
dition, we areableto find the mostimportantterms(in an
expansionaround� � N ) of theMSEandMSD.

é
With theseresults,we proposethe following approxi-

mationfor theMSE:w $'"�Uy{z , V ����� 5 LCþ 5Ï @W�ßø � _ B ù a©@gÿ8� î©1 z²Æ ´ F , _ 
 µ 
 1µ ï Æ a@gÿ8� z²Æ ´ F , _ ��� N � 
 1µ ï Æ a�7
3. VERIFICA TION

We now verify the above resultsby meansof a simulation
example,in which the filters have dimensionX � ÿ , the
regressionvectoris
� � ü � ���·/ Y � � ������ý�J
with 	 � ����� � the output of a 3rd order digital Chebyshev
filter with cut-off frequency at î �����<Y N , and with 3dB



ripple in thepass-bandwhoseinput is an iid Gaussianran-
domsequencewith varianceY r andzeromean.Thedesired
sequenceis obtainedfrom� ����� �C]b�4^ � � �������/ , ]b�4^ � � �����!� J
where ]!�8^ �Icd� is thesaturationfunctiondefinedbefore.

With theseconditions,weaveraged500runsof thenor-
malizedLMS algorithmwith � � N�7 N Y , and R � N�7 N Y , ob-
taining the curves in fig. 2. Note that, from Thm. 1, the
steady-stateMSE shouldbe ÿ<7 Y ÿ Y . In our simulations,we
obtainedfor the steady-stateMSE the value ÿ<7 Y�Y r ; quite
closeto thepredictedvalues.
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Figure2: , V 5 � º � for theNLMSalgorithmwith � � N�7 N Y .
Theplot alsoshowsthecomputedlevel for theMSE.

4. CONCLUSION

In this paper, we providedexpressionsfor the steady-state
MSEandMSDfor theNLMS algorithm,in conditionswhere
NLMS may computebiasedestimatesfor the Wiener fil-
ter. Ourexpressionsaredependentonknowledgeof several
statisticsof theregressorandnoisesequence,which canbe
estimatedby performingmeasurementsor simulations.We
gaveanexampleshowing thecloseagreementbetweensim-
ulationsandour expressions.
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