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ABSTRACT

We study the behavior of the NLMS algorithm when the
“noise” (the optimal estimationerror) v(k) is uncorrelated,
but dependenof the regressorsequence zy, }. Thisis the
mostgenerakituationin applicationsarising,for example,
whenlinearestimatioris appliedto systemswith nonlinear
ities.

We show that, unlike the LMS algorithm,NLMS com-
putesbiasedestimatesvenif the step-sizeu is smalland
{x} isiid, butv(k) is notindependentf ;. We provide
expressiongor thebias,the MSD, andthe MSE, which are
alsovalid for the caseof correlatedegressoisequences.

1. INTRODUCTION

In this paperwe analyzethe behaior of the normalized-
LMS (NLMS) algorithmin thegenerakasewhereboththe
regressorand noisesequencesre correlatedin time. Our

expressionsold evenwhenthe noiseandregressomarenot

independenbnefrom the other This includesthe caseof

non-Gaussiamariablesaswell asGaussiamvariablegyoing
throughsomekindsof nonlinearitiesIn this sectionwe pro-

vide a few motivating examples,andcompareour analysis
with previousresultsin theliterature.

1.1. Optimum linear estimation and the NLMS algo-
rithm

Given zero-meanstationarysequenceqy(k) € IR} (de-
siredsequenc)eand{mk € IRM} (regressorsequenckg the
optimumlinear estimatorof y(k) givenxy, (the Wienerfil-
ter)is thesolutionof [3]

2
.= in E{y(k) —w” )
w, = arg min, (y() w wk>

Theoptimumestimatiorerror (noise is

v(k) 2 y(k) — wlay.

Fromthe orthogonality principle of linear estimationijt re-
sultsthatE v(k)xy, = 0 (i.e.,they areuncorrelated)There-
fore, it is commonin the adaptve filtering literatureto as-
sumethat {y(k)} and{z;} arerelatedby a linear model
y(k) = wlzy, +v(k), with Ev(k)z, = 0.

If, in addition,all variablesareGaussianit followsfrom
the orthogonalityprinciplethatv (k) andx;, aretruly inde-
pendent. Given this propertyof Gaussiarvariables,mary
works alsoassumehatv(k) andx;, areindependente.g.,
[2, 5]). Althoughthis lastassumptiomrmay betruein some
settings,it doesnot hold in general. In fact, aswe shall
shav in anexamplefurtheron, v(k) andx;, aredependent
if thereis anonlinearrelationbetweery (k) andxy,.

Whenthe statisticsof y(k) andxy areknown, onemay
computew, from [3]

Wy = R_lpa
where

RE2 Exz}, p 2 Ey(k)xy.

In practice thecovariancematrix R andthecorrelatiorvec-
tor p areunknownn, andoneusesaniterative algorithmsuch
as the least meansquareg(LMS) algorithm, normalized-
LMS (NLMS), or recursve leastsquaresalgorithm (RLS)
to find approximationso w.. It is well-known thatall these
algorithmscomputeunbiasecdstimatedor w.. if v(k) isin-
dependendf z;, (evenif {x; } is acorrelatedsequencelp].
More is known aboutLMS: it maybebiasedvhen{zy } is
a correlatedsequencandw(k) is uncorrelatedbut depen-
dentonxy, [7]. This bias,however, decrease® zeroasthe
step-sizgparametey of LMS decreaset zero. Therefore,
for slow adaptation(small ), LMS is approximatelyunbi-
ased.Oneof the goalsof this paperis to shaw that, unlike
LMS, NLMS may have a nonzerobiasevenfor u ~ 0 and
iid {@ }, if v(k) is dependenbn zj. We shallgive asim-
ple exampleof this factbelow, andlater proceedo find an
expressiorfor thebiasandfor the steady-statenean-square



error (MSE) and mean-squaréeviation (MSD) of NLMS
with correlatednput sequences.

The normalizedLMS algorithm(NLMS) computeses-
timatesof the parametewectorw, usingtherecursion5]

E_e(k)as, (1)

w =wp+ ———5
T a2

where
e(k) 2 y(k) — w{a:k,

anda is a(usuallysmall) positive constantFor comparison,
the LMS algorithmusestherecursion

wiy = wi + pe(k)xy,
where we usedthe superscriptlms” to differentiatethe
weightestimatezomputecoy NLMS andby LMS.

To seethatthe NLMS recursionmay computebiased
estimatesconsiderthe following simpleexample: Assume
that M = 1 (i.e., all variablesare scalar),that the regres-
sorsequencés composedf Gaussiarvariableswith vari-
anceR = Ez? = 1, andthaty(k) is obtainedby y(k) =
sat(xr ), wheresat(-) is asaturatiorfunction !

Definetheweighterrorvectordy, = w, — Wy, Subtract

w, from both sidesof (1) and take expectationson both
sidesto obtain(recallthat{z} } is iid)

.’I)2
E =({1-uE k Ewy, —
Wr+1 ( 1% (a+w%)> wy

— uE (a f’“xiv(k)> .

We computedtheseexpectationsusing Matlab’s sym-
2
bolic toolbox, obtaining (for a = 1073), E (%) =
k

0.9613, andE (;;iv(k)) = 0.1114, concludingthat, in
steady-stataheaverageweighterrorwill belimy,_, ., Ewj, =
—(0.9613)"0.1114 = —0.1159, which is independenbf
thestep-sizeu. In Fig. 1 we plot theaveragew,,, computed
from L = 500 simulationswith x = 0.01.

LMS, ontheotherhand,is unbiasediimy_, Eﬁ;',;”s =
R1 Emkv(k) =0.

Another situationin which the estimationerror is not
independenbf theregressoiis the following: Assumethat

(2)

1The function sat(z) usedin our simulationssaturatesat -2.8 for
z < —2.8,andat+3forz > +3. For —2.8 < z < 3, sat(z) is
a polynomialsuchthatsat(—3) = —2.8, sat(3) = 3, andsat(0) =
sat’ (—3) = sat’(3) = 0 (thesuperscript" standsfor derative). Our
saturatiorfunctionmaybethoughtof asanapproximatiorfor theoutputof
anamplifierwhosepositive andnegative power supplyvoltagesarenot ex-
actly equal.Notethat, with theabove values,E (sat(z)) ~ 7.95 x 10~3
if z ~ N(0,1) (i.e., Gaussiarwith zeromeanandunit variance). This
meanvaluewassubtractedrom the samplesprior to the applicationof the
adaptve algorithms.
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Figurel: Ewy, for the saturation examplewith p = 0.01.
Average of 500simulations.

y(k) canbedescribedy anMA model

vk = 3 asalk i) + n(h),

whereN maybeinfinity, andthesequence$n(k) € IRM}

and {a(k) € IR} arerandomand mutually independent.
Then,if we form = = [a(k) a(k-1) ... a(k—M+1)], when
M < N theestimationerrorwill not, in generalbe inde-
pendenof xy.

1.2. Equivalenceof LMS and NLMS for independent
noise

There are recentresultsstudying the behaior of NLMS
whenthe sequencq zy, } is correlatedallowing in factfor
very generalcorrelationmodels(e.g., [2, 5]). However,
theseresultsassumehat x;, is independentf v(k), anas-
sumptionthat is often not satisfiedin practiceif thereare
nonlinearitieor unmodelleddynamicsnvolvedin therela-
tion betweery(k) andx;,, asour examplesshaw.

We now arguethatunderthe above assumptiorthe nor-
malizedLMS algorithmis equivalentto the LMS algorithm
appliedto thebounded“normalized”)sequence

(n) A Ty

P Va ekl

andwith the equivalentdesiredsequencenoise, and esti-
mationerrors

y(n)(k) é y(k)
Va+llzil?’
o™ (k) & &7
a + [leg]?

e (k) £y (k) - wiay”.
If v(k) andzy, areindependent followsthat

Ev™ (k)z{™ =0,



i.e., the normalizednoise and regressorare uncorrelated.
Fromthe NLMS recursiony(™ (k) = wTz{™ + v (k),
andsinceE v(™ (k)z{™ = 0, the orthogonalityprinciple
impliesthatw? z;/ (n) g alsothe optimumlinearestimatorof

y(™ (k) givenz ™. )

In addition, if we rewrite the NLMS recursion(1) us-
ing the normalizedvariables,we obtain wy; = wy +
/m:gcn)e(") (k), which is the LMS recursionappliedto the
normalizedvariables.This meanghatthetheorydeveloped
to the studyof the LMS algorithmwith boundedregressor
sequencesnd correlatednoise can be used, without arny
modification for theNLMS algorithm.This changeof vari-
ableswasusedbeforeto studythe NLMS algorithm[10, 1,
2,5], alwaysassumingndependencef noiseandregressor
Therefore,the cited works only considerthe NLMS algo-
rithm whenit is behaesin essentialljthe sameasLMS. In
this paper we studythe behaior of NLMS whenan exact
comparisorwith LMS is not possible.

2. NLMS WITH DEPENDENT NOISE

In this sectionwe extendthe analysisof NLMS to allow for
dependenhoiseand regressorsequencesOur analysisis
basedon modificationsof the averagingmethodused,for
example,in [7], anddescribedn [9].

2.1. Averagingresults

Averagingmethodgprovideapowerful meango analysehe
performanceandstability of adaptve algorithmsunderthe
assumptiorof sufficiently smallstep-sizesTherearemary
expositionson the subject(see,for example,[9, 4]). For
thisreasonywe only list hereto the stability andsteady-state
resultsthatareneededn our derivation (seealso[6]).

Consideranadaptie update(errorequation)of thegen-
eralform

Why1 = Wy, + pf (€, We),

where w;, is the error vector we want to minimize, and
{¢,} is a stochasticsequence.Now definethe averaged
function f,, as

fav(ka '&7) = Ef(£k7 '&7)7

wherew is considerectonstantfor the computationof the
expectedvalue.Definetheaveragedandthe partially aver
agedsystems,

"IJZU-H = Wi’ + pfav (K, ﬁ](w) )
~ pav

wk+1 - [I+Nvﬁrfav(0)] ~pav +:u(f( ) f(w( )) ’

whereV 4 fq,(0) denoteghe value of the gradientof f,,
(with respecto w) attheorigin.

Thefollowing result,provenin [9, Ch. 9], shaws thatif
the step-sizeu is sufiiciently small, the original estimates
1, will remaincloseto the partially averagedestimates
wh*, andthat the steady-stateovarianceof @, will be
closeto thatof @}"”. Thetheoremassumeshatthe {£, }
satisfy a uniform mixing property Essentially this condi-
tion saysthatthedependencef §; and§; diesoutas|i — j|
increasegse€[8]).

Lemma 1 (Averagingresult). Considerttheerror equation
and its averaged and partially-averaged forms as defined
above Wheethesequence{gk} is uniform-mixing(se€[9,
p. 357]). Assumehat (i) the origin, 0, is an exponentially-
stableequilibrium point of the averaged systenwith decay
rateO(u), (i) thegradientV g f., (k, W) existsandis con-
tinuousat the origin, and (iii) there existsconstants:; and
ce sudithat,for anyvectosa andb, thefollowing Lipschitz
conditionshold:

|£(k, @) — £(k, b)|| < c1]|a — b,

IVa f(k, @) = Va f(k, b)|| < c2]|la - b]|.
Undertheseconditions,w; obtainedfromthe original er-
ror equationsatisfies

lim sup — E {”'&Jk - wgavnz} =0, and (3)

p=0 k>0 U

1
lim lim (—Eﬁ:kﬁ:kT> = lim lim ( E@? " ®P" T) _
u—0 k—oo \ U p—0 k—oo \ ft
4)
¢

2.2. Averaginganalysisof NLMS — Overview

Our goalis to usethe above theoremto computethe MSE
(E e(k)?) andtheweight-errorcovariancematrix (E o )
for smallstep-sizeg:. In orderto useTheoreml, we must:

1. Shaw that the theorems conditionsare satisfiedfor
the problemof interest;

pav

2. Computehemearandmean-squarbehaior of w),
(thusobtaining,via Theoreml, thebehaior of E
andE i, for small u);

WP

3. Thetheoremdoesnot comparez} wy andz} w}"",
thuswe mustprove that

|Exid, — Exjwh™| -0 and

pav

‘E wkwk)‘ — E(zf{ @wb™) ‘—)0 asp — 0.



pav

4. Studythemeanandmean-squarbehaior of z] @
(finding E e(k) andE e(k)? for smallu);

A difficulty in task1 is thatthe NLMS averagederror
equation(seebelon) may not have an equilibrium point at
0 whenwv(k) is dependendf xj, contraryto oneassump-
tion of Theoreml. This canbe overcomeby a changeof
variables

zZ3e 2 W' — w, and zi 2y — w,
where
()1 () A ( ThTy )
w=-RM'p ~ RmME(E_ZkTk )
a+ ||lzk?
and b E E (M) .
a+ ||z[?

Definingalsoay, 2 —w(")w(")Tw — o (k)a:fc"), there-
cursionsfor z; andits partlally-a/erageoform zZy are,re-

spectvely,
Zpt1 = (—7 ufﬂ(n) (n)T) Zg + po,
Ze1 = (I - pR™) 24 + pa.
Usingthischangeof variableswe canshow thatThm. 1

canbeappliedto the NLMS recursionandprove the theo-
rembelow.

Theorem1. If {z, v(k) } is stationaryanduniform-mixing
with mixingfunctiong(n) < ", with0 < v < 1,theNLMS

weighterror wy, is sudh that

Average value:

lim Ed, ~ —R™ 'E (M) :
k—o00 a—+ ||$0||
MSD:
lim Ez]z; ~ pQ,
k— o0
whee () satisfies
o0
RM™Q 4+ QR™ = Z E (o) -
n=-—oo

In addition, if supj,>q [|zk|| < oo,

MSE:

p~ Y2 lim Ee(k) £2% 0

k—o0

lim E(z}2)” ~ puTr(RT),
k—o0

wheeT is thesolutionto

oo
RWT+TR™ = 3 E(anag).

n=—0oo

Matrix I' canbe computedisingKroneder products.

Proof: Sincethe proofis quite long, we only provide
a brief outline of it. To obtainthe above results,onestarts
with the partially-averagedNLMS recursion.Sincethisis a
linearrecursioron @™, it is possibleto write E @w}** asa
function of the initial cond|t|0n T (assumedjetermln-
istic).

To computethelimits asy — 0 andk — oo of theMSE
andMSD, we usethe factthatthe sequence z, v(k) } is
stationaryand uniform-mixing, and thusfor ary functions
9() andh("),

hm E[ (w05 (0)) h(wn,v(n))] =

= Eg(:coa (0)) ) Eh(wnav(n)) =

= Eg(woa U(O)) -E h(ZCOJ U(O))a
wherethe first equality follows from the uniform-mixing
condition,andthe secondrom stationarity With this con-
dition, we areableto find the mostimportantterms(in an
expansionaroundu = 0) of the MSE andMSD. &

With theseresults,we proposethe following approxi-

mationfor the MSE:

o
Jim Ee(k)? ~ 02 + pTr(RT) + 2puw” Z E(zoz] ay)
+2p Z E

3. VERIFICATION

n=1

0)zd an).

We now verify the above resultsby meansof a simulation
example,in which the filters have dimensionM = 2, the
regressiornvectoris

z, = [p(k—1) pk)],

with {p(k)} the outputof a 3rd order digital Chebyshe
filter with cut-off frequeny atw = #/10, andwith 3dB



ripple in the pass-bandvhoseinputis aniid Gaussiaman-
domsequencevith variancel 6 andzeromean.Thedesired
sequencés obtainedfrom

y(k) = sat(p(k)) — Esat(p(k)),

wheresat(-) is the saturatiorfunctiondefinedbefore.

With theseconditions we averagedb00runsof the nor-
malizedLMS algorithmwith x4 = 0.01, anda = 0.01, ob-
taining the curvesin fig. 2. Note that, from Thm. 1, the
steady-statdISE shouldbe 2.121. In our simulations,we
obtainedfor the steady-statdVSE the value 2.116; quite
closeto thepredictedvalues.

Ee2(n)
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Figure2: Ee?(n) for the NLMSalgorithmwith 1 = 0.01.
Theplot also showsthe computedevel for the MSE.

4. CONCLUSION

In this paper we provided expressiondor the steady-state
MSEandMSD for theNLMS algorithm,in conditionswhere
NLMS may computebiasedestimatesfor the Wiener fil-
ter. Our expression@redependenbn knowledgeof several
statisticsof the regressoandnoisesequenceyhich canbe
estimatediy performingmeasurementsr simulations.We
gaveanexampleshaving thecloseagreemenibetweersim-
ulationsandour expressions.
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